The pairing correlations in hot nuclei 162 Dy are investigated in terms of the thermodynamical properties by covariant density functional theory. The heat capacities C V are evaluated in the canonical ensemble theory and the paring correlations are treated by a shell-model-like approach, in which the particle number is conserved exactly. A S-shaped heat capacity curve, which agrees qualitatively with the experimental data, has been obtained and analyzed in details. It is found that the one-pair-broken states play crucial roles in the appearance of the S shape of the heat capacity curve. Moreover, due to the effect of the particle-number conservation, the pairing gap varies smoothly with the temperature, which indicates a gradual transition from the superfluid to the normal state. * pwzhao@pku.edu.cn
I. INTRODUCTION
A phase transition is well defined for infinite systems, while for finite many-body systems, its realization is often obscured due to the surface effects and statistical fluctuations. The ground states of most nuclei, i.e., at zero temperature, are superfluid states, but in warm nuclei [1] the superfluidity tends to be vanishing when the temperature increases. Such superfluid-to-normal transition has attracted wide attentions and, in the past decades, great progress has been achieved in the experimental aspects, thanks to the accurate measurements of the level density [2] [3] [4] [5] . From these investigations, the so-called S-shaped curve of heat capacity has been found as a function of temperature. This was regarded as a fingerprint of the superfluid-to-normal (pairing) phase transition. Based on this picture, the critical temperature has been estimated from the experimental data as T c ≃ 0.5 MeV for 161, 162 Dy, Similar S shapes come out in many theoretical calculations as well and the nature of the S-shaped heat capacity has also been discussed for many years in the framework of shell model [6] [7] [8] , mean field models [9] [10] [11] [12] and other models see, e.g., Refs. [13, 14] . In particular, within the mean-field picture, one could define the superfluid and the normal-fluid phases in nuclei with Bardeen-Cooper-Schrieffer (BCS) theory or the Hartree-Fock-Bogoliubov theory. Clear signatures of pairing phase transition have been provided by the fact that the S shapes of heat capacity could be reproduced by most mean-field calculations including finitetemperature BCS [15] [16] [17] , finite-temperature HFB with a pairing-plus-quadrupole Hamiltionian [18] , as well as the self-consistent mean-field models in both non-relativistic [19] and relativistic form [12] . With a variety of quantum fluctuations, it has been found that the critical temperatures for the pairing phase transition given by most mean-field models locate in the interval of 0.5-0.6∆(0), where ∆(0) is the pairing energy gap at zero temperature.
Breakdown of a certain symmetry is often associated with phase transitions. For the pairing phase transition, within the mean-field theories, the particle number conservation is violated in the superfluid phase while preserved in the normal-fluid phase. The number conservation effects on the nuclear heat capacity has been investigated through the particlenumber projection methods based on the finite-temperature BCS or HFB approaches [17, 20, 21] . Due to the restoration of particle number conservation, the calculated heat capacity varies smoothly with the temperature, indicating a gradual transition from the superfluid to the normal phase.
However, none of the above models has treated the pairing correlations in hot nuclei exactly. Therefore, it is imperative to investigate the pairing transition in hot nuclei and the nature of the S-shaped heat capacity curve by the shell-model-like approach (SLAP) [22] [23] [24] . In this approach, the particle number is exactly conserved and the blocking effects are also treated exactly. It has been employed successfully for describing odd-even differences in moments of inertia (MOI's) [25] , the nonadditivity in MOI's [26] , the identical bands [27, 28] , the nuclear pairing reduction under rotation [29] , the high-spin states and high-K isomers in the rare-earth, the actinide region and superheavy nuclei [30] [31] [32] [33] [34] , the α-cluster structures of light nuclei [35, 36] and the nuclear antimagnetic rotation [37] .
In this work, the shell-model-like approach will be applied to the investigation of the S shape of the heat capacity in hot nuclei 162 Dy in the framework of covariant density functional theory (CDFT), which includes the complicated interplay between the large Lorentz scalar and vector self-energies induced on the QCD level, and naturally treats the spin degrees of freedom. Due to the successful description of many nuclear phenomena, CDFT has been one of the most important microscopic models for nuclear structure [38] [39] [40] .
II. THEORETICAL FRAMEWORK
The CDFT starts from a Lagrangian and the corresponding Kohn-Sham equations have the form of a Dirac equation for nucleons with effective fields S(r) and V (r) derived from this Lagrangian
Here, the scalar S(r) and vector V (r) potentials are connected in a self-consistent way to various densities through the Klein-Gordon equations for the meson fields σ(r), ω(r), and ρ(r) and the photon fields A(r),
The iterative solution of these equations yields the total energy, quadrupole moments, singleparticle energies, etc. For details see Refs. [38, 39, 41] .
For open shell nuclei, one needs to take into account the pairing correlations. In the present work, the SLAP is implemented in the framework of CDFT to treat the pairing correlations. The total Hamiltonian reads
where ε i is the single-particle energy obtained from the Dirac equation (1),ī is the timereversal state of i, and G represents a constant pairing strength. This Hamiltonian is diagonalized in a space constructed with a set of multi-particle configurations (MPCs). For system with an even particle number N = 2n, the MPCs could be constructed as follows:
1. fully paired configurations (seniority s = 0):
2. configurations with two unpaired particles (seniority s = 2)
3. configurations with more unpaired particles (seniority s = 4, 6, . . .), see e.g., Ref. [22] .
The Hamiltonian (3) have the good quantum numbers of the parity π and the seniority s. As a result, the MPC space could be written as:
In the practical calculations, the MPC space has to be truncated with an energy cutoff E c , i.e., the configurations with energies E i − E 0 ≤ E c are used to diagonalize the Hamiltonian (3), where E i and E 0 are the energies of the ith configuration and the ground-state configuration, respectively.
After the diagonalization of the Hamiltonian (3), one could obtain the nuclear many-body wave function |Ψ β , and thus the pairing gap energy could be evaluated [42] [43] [44] 
where β = 0 for the ground state, and β = 1, 2, 3, . . . for the excited states.
The thermodynamic properties of the pairing interaction are calculated here in the canonical ensemble [45] , whose canonical partition function Z, average energy E and heat capacity C V are defined with the following equations,
where E β is the excitation energy which could be obtained from the SLAP method with CDFT, and the corresponding level density λ(E β ) is taken as 2 s , i.e., the degeneracy of each state. By means of the partition function, one can also evaluate the ensemble average pairing gap energy as∆
III. NUMERICAL DETAILS
In this work, the axial symmetry is imposed, and the Dirac equation (1) is solved in a space of axially deformed harmonic oscillator basis with 14 major shells [46] . The effective interaction PK1 is adopted [47] . In the construction of the multi-particle configurations, It should be mentioned that the truncation of the model space may influence the behavior of the heat capacity at very high temperature. This could be clearly seen in Fig. 2 , where the heat capacities calculated with different number of valence particle pairs (N = 2, 4, 6) in the model space are shown as functions of the temperature. The heat capacity curves are almost identical for N = 2, 4, 6 below T ∼ 0.2 MeV since almost no pair broken happens at such low temperature. From there on, these heat capacity curves start to deviate from each other. In particular, the heat capacity for N = 2 drops at T ∼ 0.6 MeV. This is due to the fact that the two valence proton and neutron pairs in the model space are exhausted and not able to continue to absorb energy with the same rate. Moreover, it is found that the values of the heat capacity obtained in this case are roughly 50% lower than the observed ones. It has been known that if too few pairs are contained, one may easily misinterpret the S shape of the heat capacity curve and underestimate the value of the heat capacity [13] . In order to avoid such a misinterpretation of the S shape here, more Cooper pairs are included in the model space. It turns out here that for 162 Dy one could get reasonable values of the heat capacity after six valence proton and neutron pairs are taken into account. This is also consistent with the previous work as in Ref. [13] . and thus a rapid increase of the heat capacity. In this way, the S shape of heat capacity curves shown in Fig. 1 is provided by the competition between the effects from temperature and pairing correlations.
For comparison, the neutron pairing gap energies calculated in the finite-temperature BCS and variation after projection BCS approaches [17] , are also shown in Fig. 3 . These results are systematically smaller than those obtained from SLAP, since as in Ref. [17] , the pairing strength G there is fixed to have a pairing BCS gap of 0.8 MeV. Nevertheless, it is not the magnitude but its variation tendency with the temperature is the main focus here. One could see that the finite-temperature BCS predicts a sharp transition from the superfluid to the normal phase. As it is well known, this sharp transition is connected to the particle number violation. Due to the restoration of particle number conservation, the pairing gap calculated in the VAP approach varies smoothly with the temperature, which is very similar to the present SLAP results. It should be noted that the present SLAP calculation has provided an exact treatment of pairing correlations without any particle number fluctuations, and it could be implemented easily and effectively to the self-consistent framework of the density functional theory [24] . The extension of such model and its application in the investigation of the nuclear pairing in hot nuclei are in progress. In order to provide a microscopic picture of the nuclear pairing transition, it is interesting to explore how many Cooper pairs would be broken with the increasing temperature in the nucleus 
V. SUMMARY
In summary, the pairing correlations in hot nuclei 162 Dy have been investigated by covariant density functional theory, and the paring correlations have been treated by a shellmodel-like approach, in which the particle number is conserved exactly. The heat capacities have been evaluated in the canonical ensemble theory, and a clear S shape of the heat capacity curve with respect to the temperature has been presented. It is found that the s = 2 (one pair broken) states play crucial roles in the appearance of the S shape of the heat capacity curve. Due to the effect of the particle-number conservation, the pairing gap vary smoothly with the temperature, indicating a gradual transition from the superfluid to the normal state.
It should be noted that the present SLAP calculation has provided an exact treatment of pairing correlations without any particle number fluctuations. In the future, it will be also very interesting to investigate the odd-A hot nuclei with the present framework since the blocking effects here can be treated exactly. Moreover, the SLAP could be implemented easily and effectively to the self-consistent framework of the density functional theory [24] , to develop a self-consistent finite temperature CDFT+SLAP model would also provide significant insights in the investigation of hot nuclei. The related work are still in progress.
